We provide a set of exact solutions in field theory of scalar fields with Z 2 symmetry that involve Jacobi elliptic functions. These solutions have the interesting property to provide massive waves even if one starts from a massless equation. We analyze them classically providing also exact solutions to the corresponding equations for the Green functions needed to completely solve them in a strong coupling limit. This is accomplished using a functional expansion into powers of the current. It is shown that the spontaneous breaking of the Z 2 symmetry is due to the existence of a zero mode that persists also in the case of the Higgs mechanism. In this latter case, the zero mode seems to play a role similar to the Goldstone boson in the breaking of a continuous symmetry and so, it should be important at lower momenta as a long range excitation.
I. INTRODUCTION
Exact solutions are generally quite difficult to find but having one for a well-known theory can be really illuminating. A typical theory that, after the recent discovery, proves to be fundamental both in physics and mathematics is that of a scalar field with a nonlinear interaction. A question one could ask is if, choosing a massless theory, it could acquire a mass gap. Generally, this question is rather difficult to answer due to the fact that just perturbation techniques are known to approach this problem and a mass gap could a nonperturbative effect. Indeed, it is quite common to perform lattice studies to understand the behavior of these theories in such regimes ( [1] [2] [3] [4] [5] and Refs. therein). But also in this case, The situation will probably remain unclear also because, due to its non-local nature, the code used for the simulations (cluster algorithm) is not trivially parallelizable. This prevents a straightforward extension to those much larger lattices that, in principle, should be available with the present computer technology. This makes more compelling the availability of theoretical results and so, the knowledge of exact solutions.
Working with these aims in mind, we have published several papers providing exact classical solutions to the scalar field theory [6] [7] [8] . These solutions provide the basis to build up a quantum field theory in a strongly coupled regime [9] . Besides, the peculiar property they have is to be massive even if the theory we started from is massless. This mas gap, as we will show in this paper, arises due to the presence of a zero mode. This mode, in the case of a Higgs model, play the role of a would-be Goldstone particle. Jacobi elliptic functions play a fundamental role in all these theories both classically and in the quantum field theory. This paper has the aim to give a wealth of exact results, based on elliptic functions, for these scalar theories that were never published before. We also yields some differential equations where the Jacobi elliptic functions play the role of a time varying frequency. The cases we consider are all exactly solvable and we also give for them eigenvalues and eigenfunctions. This widens the possible range of applicability of these results.
The paper is so structured. In Sec.II we present the general theory that will be applied in the following sections. In Sec.III we discuss the massive case with the limiting case of the mass going to zero. In Sec.IV we analyze the case of the spontaneous symmetry breaking. In Sec.V, we prove the existence of the zero mode both in the massless and the Higgs case. Finally, in Sec.VI, conclusions are given.
II. GENERAL THEORY
We suppose to have a field theory described by the equation of motion
t + ∆ the wave operator and V (φ) the potential with the coupling λ. This equation has Z 2 symmetry given by the transformations φ → −φ and j → −j. We assume that the solution to this equation is a functional φ = φ[j]. Then, we suppose to be able to solve exactly the homogeneous equation
where φ 0 = φ[0]. Given this solution, one can build a strongly coupled theory for the case with j = 0. In order to do this, one rescales the space-time variable into eq.(1) as x → √ λx and makes explicit the λ−dependence of the source as j → √ λj. Then, one takes the power series
and replaces into the equation of motion. A set of non-trivial equations for φ n is obtained whose solution coincides with the eventual choice to take φ as a functional of j and do a functional power series in the current [8, 9] , after comparison order by order. So, one has
and a set of classical n-point function can be immediately identified
The equations to get them and completely solve eq.(1) are easily obtained by successive derivation of this equation. We just note that
and so, G 1 is the Green function and all the other n-point functions can be obtained from this [8, 9] . That means that, for a complete solution of the theory, we must be able to solve this equation for the Green function. This current expansion can be used to study the corresponding quantum field theory in a strong coupling limit. That is, given the generating functional
we can immediately substitute the functional series (4) into it and perform computations. So, the leading order has always the form
where we put ∆(x − x ′ ) = G 1 (x − x ′ ) and translational invariance will be proved in the cases we consider a posteriori. This generating functional is a Gaussian one and all this class of theories is infrared trivial in four dimensions. The linearized theory is represented through the operator
and this operator could have a zero mode that breaks spontaneously both the translational and Z 2 symmetries of the theory. In this way, a massless theory can acquire a mass while, in the Higgs mechanism breaking Z 2 symmetry, this zero mode acts much like a would-be Goldstone boson.
III. MASSIVE SCALAR FIELD THEORIES
Let us consider the equation
being µ 0 the mass of the field and λ the coupling. By direct substitution one can verify that a solution to the homogeneous equations is given by
provided that
being θ and µ two integration constants and sn a Jacobi elliptic function that is periodic representing a nonlinear wave-like solution. From the dispersion relation we can see that the mass of the field gets a contribution from the coupling λ and the integration constant µ, so it arises from the self-interacting term as it becomes zero when λ is taken to be zero (no interaction case). These formulas are simplified setting the mass of the field µ 0 to zero. The solution becomes
provided
This solution shows how a massless field can become massive just from the self-interacting term. Already at the classical level, we get an arbitrary integration constant having the dimension of a mass. We will see below that, for the most common scalar theories, we are able to solve them completely in the limit of the coupling λ running to infinity. This will yield a dual power series to the standard weakly coupled expansion in perturbation theory. Back to the massive case, we want to completely solve this case and we need to find a solution to the equation for the Green function
that we rewrite as
In order to solve this equation, we consider the rest frame putting p = 0. Then, we set ∆(x) = δ 3 (x)∆(t) and we have to solve
where we have introduced the effective mass of the field m = µ
. This represents the first of a kind of linear differential equations describing a harmonic oscillator with a time varying frequency and the variation law is represented using Jacobi elliptic functions. This kind of equations can be exactly solved as we show in a moment. The solution can be immediately written down as
having fixed the phases to
with n = 0, ±1, ±2, . . ., cn and dn being Jacobi elliptic functions, K(α) = π 2 0 dθ/ 1 − α 2 sin 2 θ the elliptic integral of the first kind, and
This identifies an infinite set of infrared trivial scalar field theories. Then, we notice that
and recall that
that is k = 1 when µ 0 = 0, the massless limit of the theory. This will yield
where we have fixed the phase without losing generality. We can now go back to the full propagator and take the Fourier transform obtaining
Finally, after boosting the rest frame, one has the full propagator
being
This solves completely the classical theory for a massive scalar field theory in the limit of the coupling λ running to infinity. Quantum field theory at the leading order can be written down immediately using eq.(8). The theory is infrared trivial with a mass spectrum given by eq.(25). This describes a free particle with a harmonic oscillator spectrum superimposed. We emphasize that translational invariance is shown a posteriori in the propagator but this symmetry is spontaneously broken by zero modes as we will show in Sec.V. The propagator displays translational invariance but broken Z 2 symmetry depending on the choice of the µ parameter.
For the sake of completeness, we give below the same results for the massless case (µ 0 = 0). One has for the Green function
The solution of this equation can be immediately written down from eq.(24) and yields
the complete elliptic integral of first kind and provided the mass spectrum is
This shows that this class of solutions for the scalar field implies a mass gap into the quantum theory even if we started from a massless field. These results agree perfectly well and extend those given in Ref. [7, 9] . Finally, we note that this representation can be seen as a form of Källen-Lehmann decomposition for the propagator
with a spectral function
and
This spectral function, which corresponds to a sum of Yukawa propagators without bound states, when taken as model of the continuum limit for the corresponding quantum field theory, provides a good representation of "triviality". In fact, the ratios ρ r /ρ 0 vanish very rapidly with increasing k so that the properly normalized strength of the single-particle pole is largely prevailing. The theory describes free particles with a superimposed harmonic oscillator spectrum.
IV. SPONTANEOUS BREAKING OF SYMMETRY
We get spontaneous breaking of symmetry when the mass term is taken with a wrong sign to have
This equation has the following exact wave-like solution for j = 0
being v = . We see that the dispersion relation has the mass term with the right sign and we are describing oscillations around one of the selected solutions φ = ± v as the Jacobi function dn is never zero. Looking at the Fourier series for this solution (A.8), we note that there is a contribution coming form a zero frequency mode. This mode will contribute in a quantum field theory and must be retained. We will clarify its role below. Assuming as done above that φ = φ[j] and performing the functional derivative on the equation of motion as required in (4), one recovers the Green function as the first functional derivative of the eq. (34). This gives
In order to solve this equation, we follow the procedure given in in the preceding section. We consider the rest frame where this equation can be cast in the form
and we consider an overall multiplying factor δ 3 (x) in the final solution. This is due to the linearity of the equation. This equation has the class of solutions (labeled by an integer n)
where sn(u, i) and cn(u, i) are elliptic functions, θ n = (2n + 1)K(i) are phases that must be properly fixed. We also note that
Now, we observe that
in order to keep the zero-frequency mode, one gets
The term with k = 0 formally vanishes and appears to be non-propagating (except for a possible ambiguity in the limit p → 0 [10] [11] [12] [13] . Then, following the procedure of the preceding section we have
In this way, by boosting to a moving Lorentz frame, we get the propagator in the classical theory
with the poles given in eq.(44). These poles and the form of the propagator confirm the results given in [6, 7] . We have explicitly kept the ambiguity at zero momenta of the propagator as we have got this result choosing a particular order in the limit procedures that are involved here.
Following the analysis for quantum field theory, we can immediately write down the generating functional in the infrared limit using again eq.(8). The theory is infrared trivial with a zero mass mode that left an open question about its nature of propagating or nonpropagating mode due to the presence of a non-commuting double limit operation as already pointed out in literature [10] [11] [12] [13] .
V. SPECTRAL PROPERTIES OF THE QUANTUM FIELD THEORY
In this section we will consider the cases of the massless scalar field and spontaneous breaking of symmetry. We observe that a massless field becomes massive and the only way this can happen is by spontaneous symmetry breaking. So, we should understand the origin of the mechanism of it. The mechanism acting here is identical to that described in Ref. [14] and is due to the presence of a zero mode. This can be seen in the following way. The Hamiltonian of the system is given by
We linearize it around the classical solution (13)
yielding
being H 0 the contribution coming from the classical solution. The linear part can be diagonalized with a Fourier series provided we are able to get the eigenvalues and the eigenvectors of the operator
It is not difficult to realize that there is a zero mode. We give the solutions for both the zero and non-zero modes. The spectrum is continuous with eigenvalues 0 and 3µ 2 λ/2 with µ varying continuously from 0 to infinity. The zero mode solution has the aspect
being a 0 a normalization constant. Non-zero modes are given by
with a ′ again a normalization constant. These hold on-shell, that is when p 2 = µ 2 λ/2. The spectrum is continuous and so, these eigenfunctions are not normalizable. So, we note that there is a doubly degenerate set of zero modes spontaneously breaking translational invariance and the Z 2 symmetry of the theory. As seen in Sec.III, the phases θ are fixed to the values (4n + 1)K(i) in the massless case. This yields for the zero modes
For a given µ parameter, Z 2 symmetry is spontaneously broken through this zero mode. This mode disappears when µ = 0 as it should.
In the case of breaking of symmetry, the situation is identical. One has for the eigenfunctions and eigenvalues of the operator
Also in this case it is not difficult to realize that there is a zero mode. The spectrum is continuous with eigenvalues 0 and µ 2 0 with µ 0 varying continuously in (0, ∞). The zero mode solution has the aspect
being b 0 a normalization constant. Non-zero modes are given bȳ
with b ′ again a normalization constant. These hold on-shell with
. Again, the spectrum is continuous and the eigenfunctions are not normalizable. So, we note that there is a doubly degenerate set of zero modes spontaneously breaking translational invariance and the Z 2 symmetry of the theory. As seen in Sec.III, the phases θ are fixed to the values (2n + 1)K(i) in the massless case. This yields for the zero modes
For a given µ 0 parameter, Z 2 symmetry is spontaneously broken but this zero mode can play a role in the infrared limit similar to a Goldstone boson in the breaking of a continuous symmetry. This mode cannot be set to zero in this case as the theory with µ 0 = 0 becomes the massless one. In this way it is seen that these theories are connected each other continuously.
VI. CONCLUSIONS
We have shown how a scalar field theory with Z 2 symmetry can be exactly solved and conclusions can be drawn both classically and for the quantum theory. These solutions are interesting for a couple of reasons. Mathematically, because there is a large usage of Jacobi elliptic functions that appear to behave like some kind of nonlinear plane waves. Physically, because we see a zero mode that breaks Z 2 symmetry spontaneously and acts like a kind of Goldstone boson in a Higgs mechanism. Last but not least, the overall effect is to see massless field to become massive.
There is a possibility that these solutions could be chosen in nature to describe the way mass appears at fundamental level. This appears like another possibility that could find application anyway in higher level theories beyond the Standard Model.
1 − q 2n+1 sin (2n + 1)
The reason why such a Fourier series is interesting is that, in the rest reference frame, taking p = 0, one has φ(t, 0) = 2π kK(k) giving rise to a "mass spectrum" [6] ǫ n = n π K(i) µ 0 √ 3 (A.10)
with n = 0, 1, 2, . . ..
